We propose a quantum processor based upon single-molecule magnets and spin transfer torque described by PT -symmetric quantum mechanics. In recent years PT -symmetric Hamiltonians have been used to obtain stability thresholds of various systems out of equilibrium. One such problem is the magnetization reversal due to the spin transfer torque generated by a spin-polarized current. So far the studies of this problem have mostly focused on a classical limit of a large spin. In this work we are discussing spin tunneling and quantum dynamics of a small spin induced by a spin polarized current within a PT -symmetric theory. This description can be used for manipulating spin qubits by electric currents.
I. INTRODUCTION
Electronic transport through single-molecule magnets (SMM) has been intensively studied in the past. It allowed probing of spin quantum states of an individual SMM as well as of its nuclear spin states [1, 2] . A natural question in the context of quantum computation is whether a spin-polarized current through an SMM could allow manipulation of its quantum spin state. Quantum tunneling of a localized spin between equivalent | ↑ and | ↓ orientations along the magnetic anisotropy axis has been one of the most consequential recent discoveries in spin physics [3] [4] [5] [6] [7] [8] . It has been widely believed that the observed quantum superpositions of spin states can be utilized in qubits.
FIG. 1:
Schematic example of a quantum processor. SMMbased qubits are coupled through nano-SQUID (red) circuits containing Josephson switches (green) as proposed in Ref. [9] . Here we refine this idea by suggesting that quantum states of the SMMs can be manipulated by spin-polarized currents from ferromagnetic nanopillars (blue), with algorithms based upon PT -symmetric quantum mechanics.
A quantum-gate device based upon SMMs has been proposed by a subset of the authors in Ref. [9] . Magnetic qubits would be arranged in a 1D or 2D lattice and coupled to the superconducting loops of nano-SQUIDs (Superconducting Quantum Interference Device). DiVincenzo criteria: having identifiable qubits with low decoherence, realization of quantum gates, scalability, possibility of the reliable measurement, and workable preparation of quantum states have been discussed. The argument was made that all criteria were within experimental reach but no specific suggestion was made at the time regarding the preparation of quantum states of the qubits. It was noticed that, in principle, it could be done with the help of the external magnetic field but the latter would act on the array of qubits indiscriminately as it would be difficult to localize the external field at the nanoscale.
Recently a new technology has emerged: singlemolecule transistors [10, 11] , that could provide solution to the problem of selective manipulation of nanoscale magnetic qubits. The schematic structure of the device, incorporating such setups based upon SMMs and metallic ferromagnetic nanopillars as a source of spin-polarized current, is shown in Fig. 1 . In this paper we will focus solely on the question that was left out in previous discussions of spin qubits: The possibility of selective manipulation of quantum spin states of SMMs by spin-polarized currents. It will be studied within PT -symmetric quantum mechanics. The specifics of the coupling and measuring magnetic qubits have been discussed at length in Ref. [9] and will not be addressed here.
One of the most studied non-equilibrium effects in magnetism in recent years has been the magnetization reversal by a spin transfer torque (STT) carried by a spin-polarized current. Initially proposed by Slonczewski [12] and Berger [13] it triggered a wide-spread research on magnetic devices operated by spin-polarized currents [14] that lead to the commercialization of spin-transfer torque random access memory (STT-RAM) devices [15] . An interesting new twist in this area is a recent demonstration by Galda and Vinokur that STT can be described within PT -symmetric quantum mechanics by studying the spec-trum of a non-Hermitian PT -symmetric spin Hamiltonian [16] . In this paper we extend their approach by considering quantum tunneling and time evolution of quantum states of a localized spin, e.g., of an SMM, in the presence a spin-polarized current.
The PT -symmetric quantum mechanics came into play in the last two decades after it was realized that the Hermitian property of the Hamiltonian mandated by quantum mechanics in order to describe observations can be replaced by a weaker condition of a Hamiltonian having a PT symmetry. Since the publication of the seminal papers of Bender, Boettcher, and Meisinger [17, 18] the PT -symmetric theory has been successfully applied to describe non-equilibrium dynamics in non-linear optics and acoustics, Bose-Einsten condensates, superconductors, electronic circuits, etc., see, e.g., Ref. [19] for review. The general idea is that a non-Hermitian PT -symmetric addition to the Hamiltonian allows formal generalization of quantum mechanics developed for closed systems to the open systems with a kinetic flow. When the corresponding non-Hermitian term in the Hamiltonian is small it describes the state that is close to equilibrium. This is manifested by a weak perturbation of the eigenstates of the Hamiltonian that leaves the eigenvalues real. The emergence of complex eigenvalues marks the instability threshold that leads to the onset of the dissipative state far from equilibrium. While full conceptual understanding of the foundations of the PT -symmetric quantum theory is far from being settled, its practical value for describing non-equilibrium dynamics of quantum systems is beyond doubt.
For an integer spin the tunnel splitting ∆ m between |m and | − m states (with m being the magnetic quantum number) is provided by a weak Hermitian perturbation in the Hamiltonian that does not commute with S z . In the absence of other interactions the spin prepared in a state |m oscillates between m and −m at a frequency ∆ m / . An interesting question is what happens when the perturbation is not Hermitian but is PT -symmetric, describing interaction of the localized spin (e.g. a spin of a an SMM) with a spin-polarized current. It turns out that on increasing the current the splitting of the spin states computed by the diagonalization of the PTsymmetric Hamiltonian switches from real to imaginary beginning with the highest-energy states and progressing towards the lowest-energy states. This means that at some critical value of the current the population of one of the states originating from the | ± m states begins to grow while population of the other state begins to decrease, effectively taking the spin over the anisotropy energy barrier. The corresponding transition rate rapidly increases on increasing the spin-polarized current and/or temperature.
The paper is organized as follows. STT in a PTsymmetric quantum mechanics is discussed in Section II. Section II A introduces the coherent spin states relevant to the problem. Equations of motion for the expectation value of the spin are derived in Section II B to confirm the correspondence [16] between the spin-polarized current in the phenomenological Landau-Lifshitz-Slonczewski (LLS) equation and the imaginary magnetic field in the non-Hermitian PT -symmetric Hamiltonian. The effect of the spin polarized current on spin tunneling is considered in Section III A. Section III B is devoted to the temporal evolution of spin states above the stability threshold. Temperature-dependent spin-reversal rate is introduced and studied in Section IV. Section V contains some estimates and final remarks.
II. SPIN TRANSFER TORQUE IN A PT -SYMMETRIC QUANTUM MECHANICS A. Spin Coherent States
Spin coherent states suitable for the study of nonHermitian Hamiltonians are [20] |z = e zS+ |S, m = −S .
They are holomorphic on the parameter z but not normalized. Applying stereographic projection of the S 2 sphere one can use parametrization z
−iφ cot(θ/2) in terms of the spherical coordinates of points on the sphere of radius 1. Parameterz (see below) is defined asz = (1 − s z ) −1 (s x − is y ) orz = e iφ cot(θ/2). The state with spin down corresponds to z = 0, while the state with spin up is represented by z = ∞.
In order to give a physical meaning to these states they must be normalized. Writing
with N being the normalization constant and z , z being the stereographic projections of arbitrarily chosen |z and |z , one obtains [20] 
−S for the normalization constant.
The expectation value of any operator, computed with the help of the above coherent states, must be multiplied by N 2 . For example, the expectation value of the operator S z is given by
B. Equations of Motion for the Spin
In terms of the coherent spin states the action for the time interval [0, t F ] is given by [20] 
where = 1 is assumed, ξ I andξ F are determined by the boundary conditions, and H = H = z|H|z / z|z is the expectation value of the system's Hamiltonian H. The quantity
must be viewed as the Lagrangian of the system. It is easy to see that
Therefore the Euler-Lagrange equations of motion for the stereographic projections of the spin states on a sphere are [21] ż
In order to compare these equations with traditional classical equations of motion for the spin, a slightly different formalism should be introduced. For a Hamiltonian H = H − iH it requires that operators H and H be Hermitian (H = H † , H = H † ) and P symmetric. For the time independent Hamiltonian with a discrete spectrum, the time evolution of the state can be expressed as
where ϕ n are the eigenstates of H, with H n and H n being real and imaginary parts of the eigenvalues. The generalized Heisenberg equation of motion for the expectation value, Ô = z|Ô|z / z|z , of an arbitrary operatorÔ is [21] 
with {S l , S m } reducing to 2(1 − 1 2S ) S l S m + δ lm S in the limit of large S. In that limit (11) coincides with (∇ S H) × S.
For the second term in the right-hand-side of Eq. (10), when the non-Hermitian part of the Hamiltonian is chosen linear on the spin, H = cS k , one obtains
which coincides with
Consider now a non-Hermitian PT -symmetric spin Hamiltonian
in which k z < 0 describes an uniaxial crystal field (magnetic anisotropy) and β is a real parameter. This corresponds to the choice H = k z S 2 z and H = −βS y . In this case Eq. (13) gives the following equations of motion for s = S/S:
where has been restored. The LLS equation in the case of the uniaxial anisotropy and the electric current I having spin polarization along the y-axis, that interacts via exchange with the localized spin S, is given by [12, 14, 22, 23] 
where η represents the degree of the spin polarization of the current, 0 < η < 1, and α 1 is a dimensionless damping parameter. While the last term in Eq. (16) , that describes dissipation, can also be obtained with the use of a non-Hermitian Hamiltonian [24] such a Hamiltonian would not be PT -symmetric and would not possess real eigenvalues regardless of the value of α. In what follows we shall assume that the characteristic rate of the evolution of quantum spin states is much greater than the damping rate ∼ α|k z |/ and will neglect contribution of the damping to the quantum dynamics. Comparison of Eq. (15) with Eq. (16) immediately gives the relation suggested by Galda and Vinokur [16] :
It forms the basis for the evaluation of the nonequilibrium effect of the spin-polarized current on a localized spin within PT -symmetric quantum mechanics. While the relation (17) has been derived assuming S 1 (which is true for many SMM) it must apply, up to a factor of order unity, to any spin.
III. NON-EQUILIBRIUM QUANTUM DYNAMICS OF A LOCALIZED SPIN
A. Spin Tunneling in the Presence of Spin-Polarized Current
For our purpose it is convenient to express the energy in the units of the anisotropy constant |k z | and to consider a non-Hermitian PT -symmetric Hamiltonian
with S ± = S x ± iS y ,H PT = H PT /|k z | andβ = β/|k z |, that is equivalent to (14) . The first term in Eq. (18) creates a degeneracy for the eigenstates corresponding to the magnetic quantum numbers ±m, while the second term removes that degeneracy. Atβ S the eigenstates of the system can be formally studied by the perturbation theory forH PT = H 0 + V with H 0 = −S Small β only weakly renormalize spin eigenstates, leaving their energies real. This is indicative of a static situation in which the spin-polarized current is too weak to generate any instabilities in the state of the system. For, e.g., S = 1, the splitting, ∆ −1 =β 2 , of the eigenvalue E = −1, caused by the perturbation, is determined by the secular equation
and is real. Note that the matrix elements V 1,1 and V −1,−1 are only responsible for the shift of the energy and do not contribute to ∆ −1 . This appears to be a general situation for arbitrary S: The matrix elements V i,i do not contribute to the formula for the splitting of the m-th state ∆ m ,
where m < 0 has been assumed. Consequently, this formula provides the same real tunnel splitting as computed [25, 26] for a Hermitian Hamiltonian H PT = −S 2 z +βS y :
An independent check of the above perturbation result can be obtained by diagonalizing Hamiltonian (18) numerically. The relative error of the formula (21), as compared to the exact numerical result, is shown for S = 5 in Fig. 2 . As expected the deviation of the perturbation theory from the exact result is small forβ S.
B. Temporal Evolution of Spin States
Asβ describing the effect of the spin-polarized current increases, pairs of complex conjugate energies begin to appear, starting with the smallest |m|. Further increase ofβ generates more complex conjugate pairs. This effectively corresponds to the tunnel splittings being consecutively switched from real to imaginary. The process ends when S complex conjugate pairs emerge. This picture is illustrated in Fig. 3 . For an integer S there is always one real energy because the total number of states is 2S + 1. We will call the critical value ofβ at which the n-th pair of complex eigenstates emergesβ =β n . It corresponds to the critical current via the relation I cn = 2eS|kz| ηβ n . The area in Fig. (3) nearβ =β 1 , where the first complex pair emerges, is amplified in Fig. 4 .
Complex energies ε n have profound consequences for the temporal evolution of the eigenstates given (in units of = 1) by
One such consequence is the loss of normalization since for complex ε n the condition |e iεnt | = 1 is no longer satisfied. Another consequence is that occupation of the states with Im(ε n ) > 0 will grow with time while occupation of the states with Im(ε n ) < 0 will decrease. This determines the time evolution of the spin state that we will be addressing below. Writing for the eigenvalues E n = E n +iΓ n an arbitrary spin state can be presented as |ψ(t) ∝ n c n e Γnt e −iEnt |ϕ n , where |ϕ n are the eigenstates of the Hamiltonian H PT and c n are arbitrary. The normalized states are given by
We shall use the basis |S, m . Starting with one of the basis states, it is interesting to study how it evolves with Re(E)
Real parts of the eigenvalues time in the presence of the spin-polarized current, that is, at non-zero β. Evolution of the state
withβ = 0.25 and the intial condition |ψ(0) = |4, 4 is shown in Fig. 5 . One interesting observation is a significant contribution of the states with negative m to the final state of the system. In this paper we do not introduce interactions of the spin with other microscopic degrees of freedom that may cause dissipation. In the presence of the dissipation, once the spin transits from positive to negative m, it will travel down the energy staircase, thus completing the reversal from |S, S to |S, −S . There is also another side to the story that reveals itself in the time evolution of the expectation values of the spin components S x , S y , and S z , which is shown in Fig. 6 . As is seen in the figure the length of the spin is preserved due to the conditionŜ 2 = S(S + 1). From a classical point of view, however, the effect of the spinpolarized current consists of the rotation of the localized spin from its initial orientation along the z-axis to the orientation along the y-axis. Notice also that the S z component briefly crosses to the negative territory, that is, the spin goes over the anisotropy energy barrier, which must be sufficient to achieve full reversal in the presence of dissipation.
IV. SPIN-REVERSAL RATE
For smallβ <β c all Γ are zero and the degeneracy of each pair of states |S, m and |S, −m is removed by the real splitting due to the quantum tunneling between these states. As is well known, prepared in a state |S, m the spin will oscillate between |S, m and |S, −m at a frequency ∆ m / . On the contrary, atβ >β c the "splitting" of some pairs becomes imaginary with opposite signs of Γ for the states that evolve from |S, m and |S, −m and have the same real part of the energy. These states correspond to spin up and spin down on two sides of the en- ergy barrier determined by the magnetic anisotropy. In the case of a non-zero Γ (imaginary "splitting") the occupation numbers of the states with negative Γ on one side of the energy barrier will exponentially go down, while occupation numbers of the states with positive Γ on the other side of the barrier will exponentially increase, providing the reversal of the spin. With the above picture in mind one can define the rate of the spin reversal in a conventional manner:
with T being the absolute temperature. Here we measure all quantities (Γ, Γ n , E n , T ) in the units of the anisotropy constant |k z |. The latter is typically well below 1K. The dependence of Γ on T andβ for the Hamiltonian (18) at S = 4 is shown in Fig. 7 . While the T -dependence of Γ is smooth, the dependence onβ shows kinks associated with the emergence of pairs of complex eigenvalues. The first two pairs emerge atβ 1 ≈ 0.16 andβ 2 ≈ 0.79. Anȳ β >β 1 causes instability manifested by a finite Γ. At T = |k z | andβ < 1 however the rate is exponentially small to be distinguished from zero in Fig. 7 . The next two pairs of complex eigenvalues emerge atβ 3 ≈ 2.0 and β 4 ≈ 3.8. They are clearly seen as the kinks in Fig. 7 that result in the rise of Γ.
V. DISCUSSION
We have proposed a quantum processor in which magnetic qubits are manipulated by a spin-transfer torque, see Fig. 1 . The effect of the spin-polarized current on the quantum states of a localized tunneling spin of, e.g., a single-molecule magnet (SMM) has been described within the approach based upon PT -symmetric quantum mechanics. A sufficiently weak current only weakly perturbs the quantum spin states. In a manner similar to the magnetic field, it provides the splitting, ∆ m , of the | ± m states that were degenerate in the absence of the current. At some critical value of the current, I = I c1 , the real part of the splitting of the states at the top of the anisotropy barrier becomes zero, but the corresponding degenerate eigenvalues acquire imaginary parts of opposite sign. On increasing the current the same happens to the tunnel splittings of the lower energy states all the way down to the ground state.
The physical picture associated with the above mathematics of the PT -symmetric spin Hamiltonian naturally corresponds to the instability caused by the spinpolarized current: Population of the spin states on one side of the anisotropy energy barrier begins to grow, while population of the states on the other side of the barrier begins to collapse, leading to the spin reversal induced by the current. The corresponding rate Γ depends on temperature and the magnitude of the current in a nontrivial way. At low temperature and the current just above I c1 the spin states at the top of the barrier are not occupied and the effect of the current is exponentially weak. It grows with temperature exponentially in a continuous manner. It also increases with the magnitude of the current via kinks seen in the dependence of Γ on I at I = I cn . These values of the current are related to the critical values of the dimensionless parameterβ, via
where |k z | is the magnetic anisotropy constant and η is the degree of the polarization of the current. For e.g., S = 4 the first critical values ofβ isβ 1 = 0.1636. Choosing for example S = 4, |k z | = 0.1K, η = 1 we obtain from Eq. (26) I c1 ≈ 0.7nA. This value of the current is typical in experiments with the electronic transport through a molecule bridged between two conductors, such as, e.g., an STM tip and a substrate in a singlemolecule transistor setup [10, 11] . We therefore conclude that manipulation of the spin states of an SMM by a spinpolarized electric current is within experimental reach. It can serve as a working concept for a quantum processor, with algorithms described by PT -symmetric quantum mechanics. Quantum gates based upon such principle would be scalable in, e.g., a device schematically shown in Fig. 1 . Its advantage is selective manipulation of individual nanoscale qubits as compared to the spread-out effect of the external magnetic field. The speed of the quantum processor controlled by the spin-polarized electric current would also be much higher than the speed of the device controlled by the magnetic fields.
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